In this paper, using the variational characteristic of the virial identity and a new estimate of the kinetic energy, we obtain a new sufficient condition for the existence of blow-up solutions. MSC: 35Q55; 35B44
Introduction
In this paper, we study the Cauchy problem of the inhomogeneous nonlinear Schrödinger A few years ago, it was suggested that stable high power propagation can be achieved in a plasma by sending a preliminary laser beam that creates a channel with a reduced electron density, and thus reduces the nonlinearity inside the channel (see [, ] ). In this case, the beam propagation can be modeled by the inhomogeneous nonlinear Schrödinger equation in the following form:
Recently, this type of inhomogeneous nonlinear Schrödinger equations has been widely We recall some known results on the blow-up solutions for the classical nonlinear Schrödinger equation 
the corresponding solution u(t, x) of the Cauchy problem (.)-(.) on the interval [, T). Then, for all t ∈ [, T), one has J(t)
and
In the case Np -N -b - ≥ , it follows from the last relation that
and for E(u  ) <  the positive-definite quantity J(t) becomes negative over a finite time by virtue of the above inequality. This means that a singularity appears in the solution of the given INSE. Indeed, applying Weinstein's arguments [] and the classical analysis identity
one has the following theorem (see also Chen and Guo []).
If the initial data satisfies either
then there exists  < T < +∞ such that the corresponding solution u(t, x) blows up in finite time T.
We remark that in the case E(u  ) > , Np -N -b - ≥  both collapse and spreading of the initial disturbance are possible. Although the INSE is no longer applicable near the formation point of a singularity and dissipative or some other limiting mechanism come to play. It is very important to be able to predict the presence or absence of collapse for different classes of initial conditions. The sufficient conditions for existence of blowup solutions are given in [] if either E(u  ) <  or J () < . A natural question arises whether there is a sufficient condition for existence of blow-up solutions with E(u  ) >  and J () > .
In the present paper, motivated by the studies of the classical nonlinear Schrödinger equation (see [, , ]), we use variational characteristic of second-order derivatives of the virial identity to catch up with the information of ∇u L  , and we obtain a new sufficient condition for the existence of blow-up solutions to the inhomogeneous nonlinear http://www.journalofinequalitiesandapplications.com/content/2014/1/55
Schrödinger equation (.). More precisely, let
Then we have the following theorem.
where g(x) is defined by (.), then there exists  < T < +∞ such that the corresponding solution u(t, x) blows up in finite time T .
Notations and preliminaries
In this paper, we denote
· dx, respectively. z and z are the real part and imaginary part of the complex number z, respectively. z is denoted the complex conjugate of the complex number z. The various positive constants will be simply denoted by C.
For the Cauchy problem (.)-(.), the space we work in is
which is a Hilbert space. Moreover, we define the energy functional 
The functional E(u) is well-defined according to the Sobolev embedding theorem (see []). Chen and Guo [] and Chen

exists a unique solution u(t, x) of the Cauchy problem (.)-(.) on the maximal time interval [, T) such that u(t, x) ∈ C([, T); H  r ) and either T = +∞ (global existence), or T < +∞ and lim t→T u(t, x) H  r = +∞ (blow-up). Furthermore, for all t ∈ [, T), u(t, x) satisfies the following conservation laws:
(i) Conservation of mass:
(
ii) Conservation of energy: E(u(t, x)) = E(u  ).
In addition, by some basic calculations, we have the following lemma, which gives further insight in the dynamic criterion for collapse proposed by Lushnikov in [].
Lemma . If V (t) >  is the positive solution of the following differential equation:
and there exists  < T  < +∞ such that lim t→T  V (t) = , then for the solutionṼ >  of the following differential equation:
Proof Since the function -h  (t) is non-positive, which pullsṼ (t) to zero more quickly than V (t) (see also [] ), one sees that the conclusion in Lemma . is true by the classical analysis identity (.).
Proof of Theorem 1.3
Since |x|u  ∈ L  , we have |x|u(t, x) ∈ L  by the local well-posedness. Taking J := J(t) = |x|  |u|  dx, by Proposition ., we get J (t) =  x · ∇uu dx and
It follows from some calculations that
and by the fact that |z|
Injecting (.) into (.), by the conservation laws, we deduce that
Np-N-b+ and rewriting (.) to remove the last term with J  t , we have
which has a simple mechanism analogy. Multiplying A t in (.) and integrating with the time variable t, we get the corresponding mechanical energy
where
Np-b-N+ .
Restricting ourselves to the case E > , and according to the assumptions on p, b and N we see that U(A) achieves its maximum U max at A max with
Np-b-N+  and
To facilitate the rest of the analysis, we introduce a rescaling. DefineJ(s) andε(s) by the relations
Thus, by (.),Ã satisfies the following differential inequality: 
